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■ ABSTRACT. In this paper we show that after suitable data randomization there exists a 
I large set of super-critical periodic initial data, in H~ a (T d ) for some a(d) > 0, for both 2d 

and 3d Navier-Stokes equations for which global energy bounds hold. As a consequence, 
' we obtain almost sure large data super-critical global weak solutions. We also show that in 

2d these global weak solutions are unique. 

in : 

(N ; 

c -1 . 1. Introduction 

Ph . 

\ Consider the initial value problem for the incompressible Navier-Stokes equations 

■ given by 

( d t u = Au-PV- («®«); x £ T d or R d , t > 

g: (i.i) i v-5 = o 

[ u(x,0)=f(x), 

where / is divergence free and P is the Leray projection into divergence free vector fields 
. given via 

^- : _ _ ! 

(1.2) P/i = /t- V— (V-h). 

Tj - ! It is well-known that global well-posedness of ( ll.lt when the space dimension cZ = 3 is a 

long standing open question. This is related to the fact that the equations (|1.1|) are so called 
super-critical when d > 2. Indeed, recall that if the velocity vector field u(x, t) solves the 
Navier-Stokes equations il.l) then u\(x, t) with 

u\(x,t) = Xu(Xx,X 2 t), 

is also a solution to the system (|1.1[) , for the initial data 

(1.3) u A = Au (Ax) . 

The spaces which are invariant under such a scaling are called critical spaces for the 
Navier-Stokes equations. Examples of critical spaces for the Navier-Stokes are: 

(1.4) Hi- 1 ^ L d B~£> ^ BMO- 1 , 1< p < oo. 

In particular, for Sobolev spaces, ||t?x(x, 0)||^ Sc = \\u(x, 0)||^ Sc , when s c = | — 1. We 
recall that the exponents s are called critical if s = s c , sub-critical if s > s c and super-critical 
if s < s c . 
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On the other hand, classical solutions to the Ill.lD satisfy the decay of energy which can 
be expressed as: 

(1.5) \Hx,t)\\h + f ||Vn(x,r)||| 2 dr = ||u(x,0)|| 2 2 . 

Jo 

Note that when d = 2, the energy \\u(x, t)\\ L 2, which is globally controlled thanks to (|1.5|) , 
is exactly the scaling invariant H Sc = L 2 -norm. In this case the equations are said to 
be critical. When d = 3, the energy \\u(x, t)\\ L 2 is at the super-critical level with respect 

to the scaling invariant ija-norm, and hence the Navier-Stokes equations are said to be 
super-critical and the lack of a known bound for the H? contributes in keeping the global 
well-posedness question for the initial value problem il.l} still open. 

One way of studying the Navier-Stokes initial value problem (|1.1|) is via weak solu- 
tions introduced in the context of these equations by Leray |23[ [24[ |25| in 1930s. Leray 
[25] and Hopf ||T7)| showed existence of global weak solutions of the Navier-Stokes equa- 
tions corresponding to initial data in L 2 (K d ). When d = 2 classical global solutions were 
later obtained by Ladyzhenskaya [22]. Lemarie-Rieusset generalized Leray 's construction 
to prove existence of uniformly locally square integrable weak solutions, for details see 
[26]. However questions addressing uniqueness and regularity of these solutions when 
d = 3 have not been answered yet, although there are many important contributions in 
understanding partial regularity and conditional uniqueness of weak solutions, see e.g. 
Caffarelli-Kohn-Nirenberg 0, Lin |18| , Escauriaza-Seregin-Sverak fl3| . Vasseur |29|. An- 
other approach in studying existence of solutions to \\.\) is to construct solutions to the 
corresponding integral equation via a fixed point theorem. In such a way one obtains so 
called 'mild' solutions. This approach was pioneered by Kato and Fujita, see for example 
fl4|. However the existence of mild solutions to the Navier-Stokes equations in M. d for 
d > 3 has been obtained only locally in time and globally for small initial data in various 
sub-critical or critical spaces, see e.g. Kato fl9||, Cannone ©[Z], Planchon [27], Koch and 
Tataru |2"T | , Gallagher and Planchon [16], or globally in time under conditions on uniform 
in time boundedness of certain scaling invariant norms, see e.g. Kenig-Koch (20|. In this 
context, Cannone and Meyer [8] proved that if / € X, a well-suited Banach space for the 
study of the Navier-Stokes then the fluctuation w := u — e tA f is 'better' in that it belongs 
to the Besov-type space B\ v 

In this paper we consider the periodic Navier-Stokes problem in il.l} and in particular 
we address the question of long time existence of weak solutions for super-critical initial 
data both in d = 2, 3, see also Tao [28]. For d = 2 we address uniqueness as well. Our goal 
is to show that by randomizing in an appropriate way the initial data in H~ a (T d ),d = 2,3 
(for some a = a(d) > 0) which is below the critical threshold space H Sc (T d ), as well as 
below the space L 2 where one has available deterministic constructions of weak solutions, 
one can construct a global in time weak solution to (|1.1|) . Such solution is unique when 
d = 2. Similar well-posededness results for randomized data were obtained for the super- 
critical nonlinear Schrodinger equation by Bourgain [1] and for super-critical nonlinear 
wave equations by Burq and Tzvetkov in OEHD. The approach of Burq and Tzvetkov 
was applied in the context of the Navier-Stokes in order to obtain local in time solutions 
to the corresponding integral equation for randomized initial data in L 2 (T 3 ), as well as 
global in time solutions to the corresponding integral equation for randomized initial data 
that are small in L 2 (T 3 ) by Zhang and Fang EU and by Deng and Cui QO). Also in CH, 
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Deng and Cui obtained local in time solutions to the corresponding integral equation for 
randomized initial data in H s (T d ), for d = 2, 3 with — 1 < s < 0. 

The paper at hand is the first to offer a construction of a global in time weak solution to 
jl.l} for randomized initial data (without any smallness assumption) in negative Sobolev 
spaces H~ a (T d ),d = 2,3, for some a = a{d) > 0. Roughly speaking the idea of the 
proof is the following: we start with a divergence free and mean zero initial data / G 
(H~ a (T d )) d , d = 2, 3 and suitably randomize it to obtain f w (see Definition 12.21 for details) 
which in particular preserves the divergence free condition. Then we seek a solution to 
the initial value problem jl.l} in the form u = e tA f u + w. In this way, the linear evolution 
e tA j?u ^ s s i n gl ec j ou t and the difference equation that w satisfies is identified. At this point it 
becomes convenient to state the equivalence Lemma l4!2l between the initial value problem 
for the difference equation and the integral formulation of it. This equivalence is similar 
to Theorem 11.2 in l|26| , see also [15]. We will use the integral equation formulation near 
time zero and the other one away from zero (see Section|5]for more details). The key point 
of this approach is the fact that although the initial data are in H~ a for some a > 0, the 
heat flow of the randomized data gives almost surely improved L p bounds (see Section 
[3). These bounds in turn yield improved nonlinear estimates arising in the analysis of 
the difference equation for w almost surely (see Section |5] for details), and consequently a 
construction of a global weak solution to the difference equation is possible (see Section[6] 
for details). 

It is important to note that, almost surely in ui, the randomized initial data f w belongs 

— 1+— 

to W~ a ' p for any p > 1 and hence it is in B Piq p for p large enough so that 1 — ~ > a, 

and any q > 2. In particular, f w belongs to the critical Besov spaces for which Gallagher 
and Planchon ||T6| proved, when d = 2, global existence, uniqueness and suitable bounds. 
Since f w also belongs to BMO^ 1 , small data (almost sure) well-posedness follows when 
d = 2, 3 from Koch and Tataru's result |2l|. The goal of this paper however, is to show that 
there exists a large set of super-critical periodic initial data of arbitrary size in H~ a (T d ), 
d = 2, 3 that evolve to global solutions for which once the linear evolution is removed we 
directly obtain energy bounds. 

1.1. Organization of the paper. In Section[2]we introduce appropriate notation and state 
the main results. In Section [3] we prove some useful bounds for the heat flow on ran- 
domized data. In Section [4] we introduce the difference equation for w and establish two 
equivalent formulations for the equation that w solves. In Section|5]we prove energy esti- 
mates for w and in Section [6] we construct weak solutions to the difference equation via a 
Galerkin method. In Section[7|we prove uniqueness of weak solutions when d = 2. Finally 
in Section[8]we combine all the ingredients to establish the main theorems. 

1.2. Acknowledgements. The authors would like to thank Cheng Yu for noticing that an 
earlier version needed a revision in the energy estimates for the d = 3 case. 

2. Notation and the statement of the main result 

2.1. Notation. In this subsection we list some notation that will be frequently used 
throughout the paper. 

• Let B be a Banach space of functions. The space C wea k((0, T),B) denotes the sub- 
space of L°°((0, T),B) consisting of functions which are weakly continuous, i.e. 
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v € C wea k((0,T),i3) if and only if 4>(v(t)) is a continuous function of t for any 

• If (X(T d )) d denotes a space of vector fields on T d , we simply denote its norm by 

• We introduce an analogous notation to that of Constantin and Foias in |9J. In par- 
ticular we write 

H = the closure of {/ € (C co {T d )) d | V • / = 0} in (L 2 {T d )) d , 

V = the closure of {/ € {C QO {T d )) d | V • / = 0} in (H l (T d )) d , 

V = the dual of V. 

• We finally introduce some notation for the inner products in some of the spaces 
introduced above. The notation is similar to the one used in |9|. 

Given two vectors u and v in M. d we use the notation 

(2.1) (u, v) = u ■ v. 

In (L 2 (T d )) d we use the inner product notation 

(2.2, = / aw-ow*. 

In (ii rl (T d )) d we use the inner product notation 

d 

(2.3) ((t*,0)) = 5^(A«,AiO- 

i=i 

• Finally we introduce the trilinear expression 

(2.4) b(u,v,w) = j UjDjViWidx = J (u ■ Vv,w) dx. 
Also we note that when u is divergence free, we have 

(2.5) b(u,v,w) = / (V(v(g) u), w) dx. 



Finally, as it is now customary, we use A < B to denote the estimate ^4 < CB for an 
absolute positive constant C. 

2.2. A general randomization setup. Before stating the main theorem we recall a large 
deviation bound from [2] that we will use below in order to analyze the heat flow on 
randomized data in Section|3l 

Lemma 2.1. [Lemma 3.1 in [2]j Let (l r (u>))'^ =1 be a sequence of real, 0- mean, independent ran- 
dom variables on a probability space (p.,A,p) with associated sequence of distributions (p, r )'^ =l . 
Assume that fi r satisfy the property 

/oo 
e^dfirix^ < e c ~< 2 . 
-oo 

Then there exists a > such that for every A > 0, every sequence (c r )^ 1 G I 2 of real numbers, 

p w : \ ^ j c r l r {uj)\ > A < 2e S r 4. 
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As a consequence there exists C > such that for every q>2 and every {c T )^ =l G I 2 , 



c r l r {ijj) 



r=l 



<cv5(x;c? 

L«(fi) Vr=l 



Burq and Tzvetkov showed in [2] that the standard real Gaussian as well as standard 
Bernoulli variables satisfy the assumption \2.6\ . 

2.3. Our randomization setup. We now introduce the diagonal randomization of ele- 
ments of (H s (T d )) d , which we will apply to our initial data. 

Definition 2.2. [Diagonal randomization of elements in (H s (T d )) d ] Let (l n (^)) n ez d ^ e a se ~ 
quence of of real, independent, random variables on a probability space (O, A,p) as in Lemma \2~T\ 
For f G (H s (T d )) d , let (ajj, i = 1,2, ... ,d be its Fourier coefficients. We introduce the map 
from ($7, A) to (H s (T d )) d equipped with the Borel sigma algebra, defined by 

(2.7) co — > r , r (x) = J2 U"Ke n (x), U^ d ne n (a 

where e n (x) = e m ' x and call such a map randomization. 

By the conditions in Lemma l2?Ll the map (|2.7|) is measurable and f w G L 2 (Q; {H s (T d )) d ), 
is an (.fP(T rf )) d -valued random variable. Also we remark that such a randomization does 
not introduce any H s regularization (see Lemma B.l in [2] for a proof of this fact), indeed 
1 1 f u 1 1 H s ~ However randomization gives improved IP estimates almost surely 

(see Proposition l3.2l below). 

Remark 2.3. Since the Leray projection (|1.2|) can be written via its coordinates 

(2.8) (¥h) j = h j + R J R khk, 

k=l,...,d 

where Rj{4>){n) = xj0(?"O, n G Z d , one can easily see that the diagonal randomization defined 
in H2.7D commutes with the Leray projection P. 

Having defined diagonal randomization, we can state the main results of this paper. 

2.4. Main Results. Using the notation from Subsection 12.11 we introduce the following 
definition: 

Definition 2.4. Let f G (H~ a (T d )) d , a > 0, V • / = 0, and of mean zercQ. A weak solution 
of the Navier-Stokes initial value problem (|1.1|) on [0,T], is a function u G Lj oc ((0,T);V) n 

du 
~dt 



nil 

((0, T); H) n C weak ((0, T); (H- a (T d )) d ) satisfying — G L/ oc ((0, T), V) and 



du 

(2.9) (— , v) + ((u, v)) + b(u, u, v) = for a.e. t and for all v G V, 

(2.10) ]hn u(t) = f weakly in the (H- a {T d )) d topology. 



This is assumed without loss of generality. Since the mean is conserved, if it is not zero, one can replace 
the solution with the solution minus the mean. This new function will satisfy an equation with a first order 
linear modification which does not effect the estimates. 
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Theorem 2.5 (Existence and Uniqueness in 2D). Fix T > 0, < a < ^ and let f G 

(H~ a (T 2 )) 2 , V • / = and of mean zero. Then there exists a set £ C f2 of probability 1 such that 
for any oj G £ the initial value problem with datum has a unique global weak solution u 
in the sense of Defin ition \2.4\ of the form 

(2.11) u = u? u + w 

where = e iA /^ and w G L°°([0, T]; (L 2 (T 2 )) 2 ) n L 2 ([0, T]; (H 1 (T 2 )) 2 ). 



Theorem 2.6 (Existence in 3D). Fix T > 0, < a < \ and let f G (H- a (T 3 )) 3 , V • / = 0, 
and of mean zero. Then there exists asetY, c £1 of probability 1 such that for any oj eS the initial 
value problem with datum / w has a global weak solution u in the sense of Definition \2.4\ of 
the form 

(2.12) u = uf u + w, 

where = e l ^f u and w G L°°([0, T]; (L 2 (T 3 )) 3 ) n L 2 ([0, T]; (H 1 ^ 3 )) 3 ). 

3. The heat flow on randomized data 

In this section we obtain certain a-priori estimates on the free evolution of the random- 
ized data. These bounds will play an important role in the proof of existence (d = 2,3) and 
uniqueness (d = 2) in the later sections. 

3.1. Deterministic estimates. 

Lemma 3.1. Let < a < 1, k a nonnegative integer and let = e tA f". Iff* G (H~ a (T d )) d 
then we have: 



(3-1) \\y k u fbJ (;t)\\ Ll < (l + t-^HJiu, 



i 



(3-2) HV^JUgo < (ma X {i-\H fc + Q +2)}) 2 \\f\\ H . a . 

Proof. To prove (j3.1|) we write u? u (n, t) = e~' ?1 ' 2 */ w (n). Then we have that: 



\V k u f ^(-,t)Ul - \\e- H2t \n\ k f-(n) 



< (1 + t a t") ||,/ | „ 



where to obtain the last line we used that e-^H^ \n\ a+k < C. 

To prove (|3.2|) using the Fourier representation V k u^ (x, t) we have 

\V k u f ^(x,t)\ <J2\ n \ k e~ H2t (ri) a (n)- a fi(r 



n 



<\\f\\H-° h>>> 2 >| 2 V 2 H 2 * 



(3-3) < J 2 ||,/ | / / ,. 
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where 



I:= / (l + ^)V fc e- 2 ^V d " 1 dp- 
Jo 



In order to calculate the integral / we perform the change of variables z = yip and obtain: 

/ = f°(l + (4) 2fc e- 2 ° 2 z d -H--2 dz = h+ I 2 , 
Jo * yt 



where 

h = 

l\z\<Vt 



'\z\>Vi 

We bound I\ from above as follows: 



h = I (1 + -T (4) 2 " e- 2z2 z d -h-i dz, 
J\z\<Vt t yt 

h = I (1 + -T (4) 2 " e~ 2z2 z d -H-i dz. 

J\z\>Vi 1 V* 



o 



(3.4) <i-i( e -2t_ 1) 
On the other hand, we bound I2 from above as: 



d , z 2(o+k)+d-l 

I9 < / — — — e ~ 2z dz 



\z\>Vt (Vi) 2 ^ 

_ t -(k+a+i) f z 2(a+k)+d-l e -2z 2 ^ 

J\z\>y/i 

(3.5) <t-( fc+Q+ D. 
By combining (|3.4|) and (|3.5[) we obtain that 

I <max{t-\t- {k+a+ ^}, 
which thanks to (|3.3j) and (|3.4|l implies the claim (|3.2|) . □ 

3.2. Probabilistic estimates. 

Proposition 3.2. Let T > and a > 0. Le£ r>p>g>2,cr>0 and 7 £ Ik such that 
(a + a - 27)9 < 2. Then there exists C T > suc/z f/iaf/or e^ery / e (H- a {T d )) d 

(3-6) ||^(-A)f e tA r |lLr (n . L , ([0i7l . L£) < C T \\f\\ H - a , 

where Ct may depend also on p, q, r, a, 7 and a. 
Moreover, if we set 

(3-7) E \,T,f,a,p = G ^ ■ H* 7 (" A ) f ^n\L^,TW x ) > A}, 

£/zen there exists c\,C2 > suc/z that for every A > and for every f e (i2" _a (T d ))' i 

A 2 

(3.8) ? ) < ci exp -02 =s — 



NAHMOD, PAVLOVIC, AND STAFFILANI 



Proof. For t ^ 0, using the notation h(x) = (—A) 2 /(x) and recalling the notation defined 
in \2.7) we have 

t 7 (-A)fe* A r(x) = t 7 (-A)f (-A)%e tA (-A)-%r(x) 

= t^Y^ |nr(l + |n| 2 )fe-* |n|2 ^(n)e„(x) 

n&Z d 



(3.9) 

where for 
(3.10) 

we introduced Jg as follows: 



ft £ {a, a + a} 



In order to estimate Jg, we observe that t2|n|^e~*l n l 2 < C, which together with two 
applications of Minkowski's inequality, followed by an application of Lemma 12711 implies 
the first inequality in the following estimate: 



I J, 



0\\L r {Q,;Li{[O,T];Ll) 



\ n 



t 1 2h(n)e n (x) 



1 

2\ 2 



(3.11) 

as long as 

(3.12) 



< Cr iP \\h\\ L 2 



h(n)e n (x) 



1 



L9([0,T];Lg) 



L2([0,T];Ll) 
1 



t/3-27 
1 , 27-S 



(/3-2 7 )|<l, 



which is for our range (|3.10[) of /3 satisfied under the assumption that (a + a — 2j)q < 2. 
Now the estimate follows from &9$, ((3lT|l and ( |3l0) ). 

To prove estimate (|3.8|l one uses the Bienayme-Tchebishev's inequality as in Proposition 
4.4 in [2 J which relies on Lemma I2TT1 □ 

4. Difference Equation and Equivalent Formulations 

In this section we consider two formulations of the initial value problem for the differ- 
ence equation in 

{d t w = Aw- FV(w® w) + ci [PV(w; <8) 5) + PV(<7®w)] + c 2 PV(<7(g> g) 
V-w = 0, 
w(x,0) = 0. 

We start with the definition of weak solutions to (|4.1|) . Again using the notation from 
Subsection 12. 1 1 we have: 
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Definition 4.1. Assume that V ■ g = 0. A weak solution to the initial value problem fl4.ll ) on 

[0, T], is a function w G L 2 ((0, T); V) n L°°((0, T); ff) satisfying G L 1 ((0, T); V') and swc/i 
that for almost every t and for all v G V, 

(4-2) + ((«;, u)) + u) + 5, u) + &(<?, u;, v) + b(g, g, v) = 

and 

(4.3) lira itj(t) = weakly in the H topology. 

Now we state and prove the equivalence lemma, which is similar to the version for the 
Navier-Stokes equations themselves, see e.g. [15J and Theorem 11.2 in [26J. 

Lemma 4.2 (The Equivalence Lemma). Let T > 0, and assume that V • g = and 
(4-4) \\9(x,t)\\ L 2<(l + i). 

Furthermore, assume that: 

j \\9\\lH[o,t]M) ^ C > ifd = 2 ^ 
(4-5) j IK-A^H^o^e) + IK-A)!^!^^ + \\9\\ls ([0 ,t],ls) < C, ifd = 3, 

for some C > 0. Then the following statements are equivalent. 

(51) w is a weak solution to the initial value problem fl4.ll) . 

(52) The function w G L°°((0, T); if) n L 2 ((0, T), V), solves 

(4.6) = - f e ( *- s)A VF(x, s) ds, 



where 

(4.7) F(x, s) = -F(w <g> to) + ci [P(io ®g)+P(5®t«)] + c 2 P(<? ® 5) . 

Proof. We first show that (S2) implies (SI). Assume that w solves the integral equation 
fl4~6]) . Define 

r-t 



W(w)(x,t) = - [ e {t - s)A VF(x,s) ds. 
Jo 



Using the assumption glj on g and the fact that w G L°°((0,T); H) n L 2 ((0, T); F), it 
follows that F(x, s) G i 1 ((0, T); L*). Hence VF(x, s) G ^((0, T); V x ) and 

(4.8) e ( *- s)A VF(x,s) G L 1 ((0, T); C£°). 

We can now take the time derivative of W(w)(t, x) and easily show that 

d t W{w)(x,t) = AW(w)(x,t) - VF(x,t), 

where the equality holds in V'. Since w = W(w), by fl4.6|) and in particular 
lim^o+ w(x, t) = 0, we now have that w solves fl4.1|) weakly. 



Next we show that (SI) implies (S2). Let 

#(a?,t) :=- / e (t - s)A VF(x,s) ds. 
Jo 
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where F(x, s) is as above. Under the assumptions on g and w and arguing as in the proof 
of the energy estimates Theorem 15 . 1 1 near time zero, we have that ^ G L°°((0,T); H) D 

L 2 ((0, T); V) and 4" 6 LHfQ, T); V'). We then have 
at 

d t ($ - w) = A(# - 

where the equality holds in V and lim t _ s> o+ (^(*) ~~ ) = weakly in H. A standard 
uniqueness result for the heat flow finally gives VP = w. □ 



5. Energy Estimates for the difference equation 

In this section we establish energy estimates for the difference equation in (|4.1|) . These a 
priori estimates for w will be used in Section|6]where we construct weak solutions, see also 

ESI 

At this point it is useful to give a name to the left hand side of (|1.5[) . We define in fact 
the energy functional for w, 

(5.1) E(w){t) = \\w{t)\\ 2 L2 + c [ [ \V®w\ 2 dxds 

JO JT d 

and prove the following theorem: 

Theorem 5.1. Let T>0 / A>0,7<0 and a > be given. Let g be a function such that 
V • g = and 

(5-2) \\g(x,t)\\ L 2<(l + i), 

1 

(5.3) \\V k g(x,t)\\ L °o < (max{t-\H fc+Q +f)})% for k = 0,1 

and 
(5.4) 

II* 7 <?IIl 4 ([o,t] ; z4) < A, ifd = 2 

||t 7 (-A)i^|| r9([0) r|. rg) + \\V(-&)lg\\ § r | + ||Pp|| L8([0)T] . L 8 3 < A, jfd = 3. 

Let w G L°°((0, T); (L 2 (T d )) d ) n L 2 ((0, T); (i? 1 (T d )) (i ) foe a so/uft'on to g3). T/zen, 

(5.5) #(™)(*) < C(T,A,a), /or a// t G [0, T] . 

(5.6) ||— w\\ l p h -i < C(T, A, a), 
with 

Remark 5.2. 7n f/ze course of the proof below we will rely on the Equivalence Lemma W2\ and use 
the integral equation formulation (|4.6|) for w near time zero and the other one (|4.1|) away from zero. 
Note that (|52|) , (|53|) and ^5~4]> ensure f/za£ ((44)) and ((45)) /zoZd. 
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Proof. In order to prove 05.5b , we consider two cases: t near zero and t away from zero. 

Case t near zero: First, thanks to the Equivalence Lemma |4~2l we can write w using formu- 
lation ((46)) , 

(5.7) w(t) = - I e (t - s)A VF(x, s) ds, 

Jo 

where F(x, s) is like in (|4.7|l . Then, we use a continuity argument as follows. 

Assume < r < 5* , where 5* is to be determined later. We need to proceed in different 
ways depending on whether d = 2 or d = 3. For d = 2 and r £ [0, 5*] by applying Lemma 
14.1 from Eg) we have: 



(5.8) Mt)\\ L 2 < || J F|| L2([0iT];i 2 ) , for all t £ [0,r]. 

Also by applying the maximal regularity, see e.g. Theorem 7.3 in )26| , we obtain: 

(5-9) \W\l*([0,t];H1) £ \\F\\L*([0,T];Li)- 

Hence it suffices to analyze ||-^||l 2 ([o t] l 2 )- We have, 
(5.}0) 

II^IIl 2 ([0,t];L2) ^ \\w®w\\ L ^[0,t]:LI) + \\w®9\\l^[0,t]:LI)^ 

We proceed by estimating the terms on the RHS of (|5.10|) . 
We observe that: 



(5-11) \\V3<» w\\ L 2({0,t];LD = \\*>\\l*([0,t];L%) ~ E (™)( T )' 

where in the last step we used that the norm L\ can be bounded via interpolating the 
two spaces LfL 2 , and L 2 H X that appear in E(w)(t). 
For the next two terms by Holder's inequality we have: 

\\w g\\L 2 ([0,r];m + \\(] ® ^IIl 2 ([0,t] : L2) < \\9\\lp([0,t];LI) Nil 2 P Jp. 

(5-12) <I| 5 1^ ([ o,. ]; l S )P^1I l ^ ([M;LS) 

(5-13) <ll^1lL,([0,.];Lg)^)- 7 P^II L ^ ([M;L , ) ^)^: 

where to obtain (|5.12|) we used Sobolev embedding, and to obtain (|5.13|) we used Holder's 
inequality in t under the assumption that p > 4. 

By letting p = 4 in (|5.13|) , it follows from the assumptions (|5.4|l on <?, in conjunction with 
interpolation between the spaces that appear in E(w)(t), that 

(5.14) \\w <g> £||i2([ 0)T ] ;i 2) + ||#® w||l2([o,t] ; l2) < A (<5*)" 7 £;5(^)(r), 

Finally thanks again to (|5.4|) the last term can be estimated as 

(5-15) \\9®9\\l2([o,t];LI) = \\9\\h([o, T ];Li) < (A((T)~ 7 ) 2 , 

To conclude, we combine the estimates ( 15.8D - ( 15.101) with d5.11|) , ( 15.141 ) and d5.15|) we obtain: 

(5.16) £?3(«0(r) <C 1 S(uJ)(r) + C 2 A(^)-^2(^)(r) + C3(A( ( 5*)- 7 ) 2 . 

Hence if we denote (w)(t) = X, we obtain the inequality: 

X < dX 2 + C 2 \{5*y 1 X + C 3 (\(5*)-^) 2 . 
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If we choose 5* small enough so that Cs[X(5*)'' y ) 2 < e (where e is a small absolute constant 
depending only on C\, C2 and C3), then by a continuity argument X is bounded for all 
r G [0, 5*}. We thus obtain 

(5.17) E{w){t) < C, 

for all r G [0,5*]. 

For d = 3 we cannot directly close the estimates in terms of the energy E(w). Instead 
we need to work with E(w) + E({— A) 1 w) =: Ei(w). Now,forr G [0,5*] apply once again 
Lemma 14.1 from [261 we have: 



(5.18) ||((-A)* + I)w(t)\\ Li < ll((-A)4 + I)F\\ l *(io,t];L>), for all te [0,r]. 
Also by applying the maximal regularity see e.g. Theorem 7.3 in [26], we obtain: 

(5.19) ||((-A)i +I)w\\ L2([0jT] . Hl) < ||((-A)i + I)F\\ l , {%t] . l1) . 
Hence it suffices to analyze ||((— A)* + I)F\\ L 2^ ^. L 2y We have, 

(5.20) \\((-A)z+I)F\\ LH[0jT] . Li) < || [((-A) 2 + I)w] <g) w\\l 2 (io,t];L%) 

+ II [((-A)? + ® gh*([o,T];Li) + ||[((-A)i +/)sl®w|| L 2 ([0)T];L 2 ) 

+ II [((-A)* +l)g\®g\\L*(io,T};L2y 
We proceed by estimating the terms on the RHS of ([5.20[l . 

By using the same argument as in the proof of Theorem 15.2 in 1126 1 , we have that: 

(5-21) IIKC-Aji+^O^II^p^) <Ei(w)(t), 

Next, by Holder's and Sobolev's inequalities we have: 

||[((-A)3 +I)w]®g\\ L 2 {[0jT] . L 2- ) < ||£||z,4([0,r];Z,g)l|[((-A)* + I)w\\ L A^ T ]-L%) 



~ ll9llL 4 ([0,r];L6)INIlL4([0,r];//l)- 



L°°([0,t];H?) 



Now we note that ||«/||L*([Q,r];//J) ~ [-^i (^)] 2 ( r ) D Y interpolation. Hence 

(5.22) ||[((-A)i + I)w] ®g\\ LH[0;T] . tLi) < ||t 7 5llL8([0,r];L8)(^)- 7+ 5[ii;i(uJ)]i 
For the next term we have 

\\w® [((-A)4 + I)g\\\L2([0,r];Ll) ^ IK(-A)* + I)g ||La([o, T ];L«) INIU-([0,r];i|) 

< (5*)^||^((-A)U/)5llL 2 ([0,r];L6)|NII 

Hence 

(5.23) [((-A)l + JMHi^o,^) < (5*)^||^((-A)U/)5llL 2 ([0,r];L|)[^(^)]^ 

Finally thanks again to (15.41 ) the last term can be estimated as 
(5.24) 

||[((-A)3 ®^| £a([0 , T];£2) < ||((-A)i + J)^|| 8 a I|5||l 8([ o, t ];l|) < (AC**) -7 ) 2 , 

L3 ([0,t];L£) 

To conclude, we combine the estimates d5T8l - (|572QT> with d5T2il , ([5T221 , (I5T231 and J5~24l 
to obtain: 

(5.25) [£?i(t3)(r)]3 < CiSi(«;)(r) + CsA^*)"^!^! (uJ)(r)]5 + C 3 (A(**)-^) 2 . 
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Hence if we denote [Ei (w)(t)] 2 = X, we obtain the inequality: 

X < dX 2 + C 2 X(S*)-^X + C 3 (X{5*)~^') 2 . 

If we choose 5* small enoughsothatC73(A(<5*) -7 ) 2 < e (where e is a small absolute constant 
depending only on C\, C2 and C3), then by a continuity argument X is bounded for all 
r G [0, 6*}. We thus obtain 

(5.26) E(w)(t) <Ei(w)(t) <C, 
for all t € [0,5*]. 

Case t € [5* , T] : By the standard energy argument for jA.l} we have, 

^-E(w)(t)= f 2w(x,t) ■ w t (x,t) dx + 2 f |V (g> w\ 2 (x, t) dx 
dt Jjd Jjd 

(5.27) = / 2wAwdx-2 w ■ FV(w <g) w) dx + 2 / |V (g> iZJ| 2 dx 

(5.28) +2ci(/ w -¥V(w (g> g)dx + w ■ WV (g ® w) dx) + 2c 2 w ■ FV(g ® g) dx. 

\JT d JT d J JT d 

Now we observe that the expression in (|5.27|) equals zero as in the case of solutions to 
the Navier-Stokes equations itself. It remains to estimate (|5.28|) . In order to do that we 
first note that since g is divergence-free, J Td w ■ PV(uJ ® g) dx = f Jd w ■ F(g ■ V)w dx and 
the last expression equals zero thanks to the skew-symmetry property. Also since w is 
divergence-free too, we observe that: 

(5.29) / w -FV(g®w)dx = / w ■ F(w ■ Vg) dx < \\w\\ 2 L2 \\Vg\\ L ™. 
Jjd Jjd x 

On the other hand by Holder's inequality, 

(5.30) / w-FV(g®g)dx<\\w\\ L 2\\g\\ L 2\\Vg\\ L ~. 

Ji d 

Now by combining (|5.28|) , l|5.29|) and (|5.30|) and using the assumptions l|5.2[) and (|5.3|l we 
obtain: 

|^)(t)<EH(i)||V3|U-+^^(^)(t)||5lU|l|V3|| igo 

(5.31) < h(t)E(w)(t) + m(t)£3(«0(t) 



with 



/i(t) = fmax{r 1 ,t-( 1+a+ 5)}V J 



2 



1 • 1 

m(t) = (1 + -3.) (max{t- 1 ,t-( 1+a+ a)} 
i 2 V 



Furthermore, using the above expressions for /i(i) and m{t) we get: 

(5.32) I h(t) dt = I h{t) dt+ I h(t) dt 

Js* Js* Ji 



1 1 . , 1 a d 1 

2> Jl t2 
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and 
(5.33) 



<5* 



m(t) dt 
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1 ,T 

m(t) dt + m(t) dt 
8* Jl 



1 



5 * t \+ a + 



dt + 



T 



1 



1+ 

1 t~ 



-dt< (5*)->- a -*+T^ 



Therefore by combining (|5.31|l , (|5.32[) and (|5.33|) we obtain the bound 
(5.34) E(w)(t) < C(T,S*,a) 

for all t € [6* , T}. Now (EHJ) follows from KT7\i and (15341 . 
To prove (15.6b we let 



Since tt; satisfies I l4.ll ) we observe that: 

d _„ 



2, if d = 2 
§, if d = 3. 



LpQO.T];//" 1 ) + 11^(5 ® ^)IIlp([0,T];H- 1 ) 



(5.35) II j t '" ) lliP([0,T];H^ 1 ) ~ ll" uy llLP([0,' 

(5.36) + ||V(«?' 

+ \\^{9®9)\\ L P{[o,T];H^y 

We estimate the first term on the RHS of (|5.35|) as follows: 
kvt\ ha -11 < J H W ^W];^)> if ^ = 2 

p.J/j ll^ll^ao.T];^- 1 ) ^ \ ||V«;|| 4 , , <T4||Vw]|r2 f r 0T l.r2 b if d= 3. 

To estimate the second term on the RHS of (|5.35|) we notice that for d = 2 

(5.38) || V(w ®«OI| £ p( [0) r|; fl --i ) < IN ® ^ll^ao.T];^) ^ IHIz,4([o,T];Z4) ~ S (™X T )> 
while for d = 3 we use Gagliardo-Nirenberg's inequality to obtain: 



\V(w®w)\\ LP{[0tT] . H -i ) < 



mh\\w\\ 2 m 



1 3 

L3([0,T]) 



To estimate the third term on the RHS of (|5.35[) , for d = 2, we proceed as follows: 



\V{w®g)\\l P[[m ,H^) 



\V(w 



Ik" 1 ds 







(5.39) 

(5.40) 
(5.41) 



< 



9\\LHlO,T];Li)\\ W \\LHlO,T]-,Li) 
2 



< (AT 7 ) \\w\\l H[0iT] . M) 
<C(T,X) E(vj)(T), 



where to obtain (|5.40|l we used the assumption (|5.4[) on 5. The fourth term can be estimated 
analogously for d = 2. On the other hand to estimate the third term for d = 3 we have, 
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II V (™®^ II L^T];^ 1 ) ~ N ® 511-1 



2 

Lt ([a,T];L%) 



1 1 — *i 1 2 1 1 — *i 1 2 

< ll5llL2([0,T];i6)||w|| L 4 ([0! T];L|) 

<C T (Ar^) 2 ||^ll!8 ([ o,T]-LB)IKH 2 i 
U ' 1 x> LH[0,T];HZ) 

(5.42) < C(T, A) E(w)(T). 

Also the fourth term for d = 3 can be estimated analogously. 

Finally, in order to estimate the fifth term on the RHS of (|5.35|) , for d = 2, we proceed in 
a similar way as when we estimated the third term for d = 2: 

II v (^IIL([o,t ]; h-1) = £\\V(g®g)\\ 2 H ^ds 



T 







|<7® ff||£a 



— v\4 



(5.43) < (AT -7 ) 

where to obtain the last line we used the assumptions of the theorem. On the other hand, 
to estimate the fifth term for d = 3 we have 



11^^)11^0^-1) < T*\\V(g ® 011^-1 



i 



< T5 / ||<f<g> g\\\ 2 ds 

Jo 

l 2 

< ^ 2 ll3lli4([0,T];L4) 

< C 'T||5lll8([o,T];L|) 

(5.44) < CV(AT~ 7 ) 2 . 

Collecting the above estimates we obtain (|5.6[) . 

□ 

6. Construction of weak solutions to the difference equation 

In this section we construct weak solutions to the initial value problem I l4.ll ). We denote 
the spatial Fourier tranform of / as 

?(k,i)= / f(x,t)e- ik - x dx, 

with inverse transform 

/(*,*) = ^?(M)e ik - 

k 

where k represents the discrete wavenumber: 

d 

k = ^^(2-7mj)ej, nj G Z, 
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and ej is the unit vector in the j-th direction. By Pm we denote the rectangular Fourier 
projection operator: 

Puf= ?(k)e ik '*. 

{k:\nj\<M for l<j<4 

Note Pm is a bounded operator in L p (T d ) for 1 < p < oo. 

Theorem 6.1. Let T>0, A>0, 7<0 and a > be given. Assume that the function g satisfies 
V • g = and 

(6.1) <(l + i) 

t 2 

(6.2) ||V fc P M 5(x,t)||L- < (maxir 1 ,*-^^!)}) "/or fc = 0,1. 

Furthermore, assume that we have: 
(6.3) 

P 7 5llL4([0,T];Z4) < A, ifd= 2 

H^-A)^^^) + H* 7 (- A )^ll i|([0jT];i | ) + rslLS([0,T];Ll) < A, /f d = 3. 

T/ien tfere exists a weak solution wfor the initial value problem (|4.1|) in the sense ofDefinition \4.1\ 

Remark 6.2. Since Pm is a bounded operator in IP for 1 < p < oo, Pu9 satisfies and (|6.3|) 
as g itself. So from this point on we will not make a distinction between Pm9 and g. 

Also, to keep the notation light, in the proof of Theorem \6.1\ we shall consider the initial value 
problem (|4.1|) with c\ = C2 = 1. 

Proof. In the construction of weak solutions, we follow in part the approach based on 
Galerkin approximations from Chapter 5 of Doering and Gibbon [12J and from Chapter 8 
of Constantin and Foias |9J. From now on we drop the vector notation to keep the notation 
light. The plan is to construct a global weak solution via finding its Fourier coefficients, 
which, in turn, will be achieved by solving finite dimensional ODE systems for them. To 
determine the ODE systems we start by formally applying the Fourier transform to the 
difference equation (|4.1|) . 

(6.4) — w(k,t) = -k 2 w(k,t) 
at 

+ i(l- ) E (^( k '' *) • k "^ k "> *) + ^( k '> *) • k, 5( k "> *) 

^ ' k'+k"=k 

+ g(k', t) ■ k"t«(k", t) + g(k>, t) ■ k"5(k", t)) , 

(6.5) k-«J(k,t) = J 

where w(0, t) = 0, and I — is the projection onto the divergence-free vector fields in 
Fourier space. Here / is the unit tensor and |k| = k. 

As in [12 1, we now introduce the Galerkin approximations as truncated Fourier expan- 
sions. More precisely, let M be a positive integer and consider 

d 

(6.6) k = E(2vrn i )e j , nj = ±1, ±2, ±M. 

3=1 
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We look for the complex variables w M (k, t), k as in (|6.6[), solving the following finite 
system of ODE: 

(6.7) jZfi (k, t) = —k 2 wM (k, t) 



+ *(l-^r) E (^(k / ,t)-kV(k",t) 



k'+k"=k 



+ u^(k', i) • k"£(k", i) + g(k',t) ■ kV(k", t) + ?(k', t) • k"£(k", t)) , 
(6.8) k-«^(k,t) = 0, 

where the sum over k' extends over the range where both k' and k" are as in (J6.6|) . The 
system (|6.7|) - (|6.8|) is considered with zero initial data. 

Let T > be fixed. We now show that for any fixed M > 0, the ODE system (|6~7)) 
admits a unique solution in X T := C([0, T], I 2 ) n L 2 ([0, T], k£ 2 ). We proceed by a fixed 
point argument. Define 

$(«^)(k,t) := - / fc 2 ^(k,s)ds 
•/ o 

+ / K 7 "^) £ (^(k', • kV^k", S ) + ^(k', S ) ■ k"g(k", S ) 



k'+k»M k 



ds. 



+ g(k', s) ■ kV(k", s) + g(k', s) ■ k"g(k", s) 
Assume < t < T. Let 5 such that < 5 < T be determined later. For t G [0, 5], we have 
(6.9) \M^)(-,t)y < M 2 5\\^\\ L? o e2 +5M 1+ -2\\^\\l ?ae2 

with 

J i ifd = 2 
^ ) = U ifd = 3. 
To obtain the second term on the RHS above we used Plancherel and the Sobolev's embed- 
ding for the L\ norm. To obtain the third term, we used Plancherel, \£>.\\ and the Sobolev 

embedding for the norm of F~ l {w M ), the inverse Fourier transform of w M . Finally for 
the fourth term we used Plancherel and (I6.3D. In a similar manner we can also show that 



(6.10) ||k$(^)(-,t)|| L2{[0)<5]/2) < M 3 5~2 \\w^\\ Lre 2+52M 2+ 2 + \\ w Mf L?oe2 

+ M 2+ i + tf-^W |K f || Lr , 2 A + MV^A 2 , 

with 

ofAS / f, ifd = 2 / 1, if d = 2 

If we let R = 2M and 5 = S(M, A) small enough, we have the $ maps balls of radius R in 
A^5 to themselves continuously. A similar argument shows $ is also a contraction and as a 

consequence the ODE system (|6.7[) has a unique solution u; M in X$. Therefore by applying 
Plancherel's Theorem we conclude that the function w M (x, t), given by the inverse Fourier 
transform of {w^ (k, t)} k/ belongs to L°°([0,S]; (L 2 (T d )) d ) n L 2 ([0,6}; (ij 1 (T d )) d ). 
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We next note that in [0, 5] the function w (x, t) is a solution to the following system: 



(6.11) 



d t w 



M 



-Aw 



M 



Pi 



FV(w M ® w M ) + FV(w M <g> P M g) 



+FX7(P M g®w 



^(Pm9^Pm9) 



M 



V • w 

k w M (x,0) = 0, 



Since -Pa/9 satisfies the same assumptions as g in Section [5j we can repeat the proof of 
Theorem I5TT1 to conclude that w M (x,t) is in L°°([0,6];H) n L 2 ([0,<5];F) and satisfies the 
energy bounds given by H5.5D . As a consequence we can use an iteration argument to 
advance the solution of H6.7D up to time T. 

Therefore the function w (x, t) given by the inverse Fourier transform of {w M (k, t)}k is 
in L°° ((0, T) ; H) n L 2 ((0, T); V ) and it satisfies the energy bound given by (S3) and dSJ5) in 
Theorem 15.11 Now by applying a standard compactness argument, together with the fact 
that Pu9 converges strongly to g in LP , one obtains a weak solution w to (14.11) on [0, T], (see 
also Chapter 8 of |9 1). Since T was arbitrary large, we obtained a global weak solution. □ 



7. Uniqueness in 2D 

In this section we present a uniqueness result for solutions of the initial value problem 
4.1|| in d = 2. The result can be stated as follows: 



Theorem 7.1. Assume that g satisfies the same conditions as in Theorem [6Jl Then in d = 2 any 
two weak solutions to gl]) in L 2 ([0, T]; V) n £°°((0, T); H) coincide. 

Proof. Our proof is inspired by the proof of Theorem 10.1 in Constantin-Foias [9j, which 
establishes a related uniqueness result for solutions to the Navier-Stokes equations. 

Let Wj with j = 1, 2 be two solutions of H4.1|) with g satisfying (|6.1|) - (|6.3[) . Let u = 
u?i — W2- Then v satisfies the equation: 

{d t v = Av- FV(wi (8) u) - PV(w 2 §w) + ci [PV(w ® g) + PV(5® 5)] 
V-v = 0, 
v{x,0) = 0. 

By pairing in (L 2 (T 2 )) 2 the first equation in (|7.1|l with u we obtain: 



, v, v) = (Av, v) — PV(uJi (8) v) ■ v dx — / PV(tZ?2 ® v) ■ vdx 
at J J 

+ci y [PV(g®?J) • w + PV(u (8) 9) • v] dx, 

which thanks to the equality V(wj ®v) = (v- V)wj (that is valid for j = 1, 2 since each itfj 
is divergence free and hence v is divergence free too) becomes: 

(7.2) (jrv,v) = (Av,v) - [ F((v ■ V)w%) -vdx- [ F((v ■ V)w 2 ) -vdx 



y dt 

+ci / {FV(g®v) ■v + FV(v®g) -v\dx. 
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Therefore after performing integration by parts in the last term of the above expression, 
and using Holder's inequality to bound the last three terms on the RHS we obtain: 

j t \\m\k + \m% 

< l|VWl||z2||?/||f4 + ||W 2 || L 2 \\V\\ 2 L 4 +Cl||<?|| L 4||?7|| L 4||Vi?|| L 2 

I -*i|2 i ||V7„T? II |L-*||2 ' 1 



(7.3) < || VuJilUi ||u||^4 + ||V^ 2 ||l2 IHI£ 4 +ci -\\9\\i4W L A + ti\\Vv\\l 2 

(7-4) < ^HV^-ll^+ciill^j WvhllNvhl + c lf ,\\Vv\\ 2 L2x 

(7-5) < ^liiv^iiig + ^H^j \Mb. + (w + pjMvnk 

where to obtain {7.3} we used Young's inequality and to obtain (|7.4[) we used the bound 
(7-6) \\v\\ L 4 < IH^IlVulUg, 

which follows from an interpolation followed by Sobolev embedding. On the other hand, 
we obtained (|7.5[) via applying Young's inequality three times. 

Now we choose p and u/s such that c\p + ^|=i v j = ^- Then (|7.5|l implies that: 

(7.7) iwmwh < \\m\% fE^iiv^-iiia + iibiiij 



dt \\ - II Wll^l^ II JUL- 2^ 

which after we apply Gronwall's lemma on [0, p] C [0, T] gives: 



(7.8) |Ki)||| s <H0)[|^e°V^ , - 1 -i" . 

Since by the assumption each wj G L 2 ([0, T],H l ) n i°°((0, T),L 2 ), we have 



(7.9) 



/ II^^jIIl 2 < °°' 

Jo 



for every p <T. On the other hand, by employing the assumptions d6.ll) - d6.3l >, we obtain: 



(7.10) / \\g\\% dt < p~^\ A 



p 



Now we recall that v(0) = wi(0) — W2(0) = 0, and substitute that into l|7.8|) , keeping in 
mind that estimates l|7.9|) and (|7.10|l imply finiteness of the exponent on the RHS of (|7.8|) . 
Hence we conclude that = 0, which implies w\ (t) = W2(t) for all t G [0,T]. □ 

8. Proof of the main theorems 
We find solutions -u to dl.ll ) by writing 

U = Uj- + w 

where we recall that is the solution to the linear problem with initial datum f w and w 
is a solution to d4.1j) with g = u°i. Note that u is a weak solution for (|1.1| ) in the sense of 
Definition |23] if and only if u; is a weak solution for d4.1|) in the sense of Definition [4J] We 
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also remark that uniqueness of weak solutions to d4.il) is equivalent to uniqueness of weak 
solutions to From now on we work exclusively with w and the initial value problem 
( 14.1I ). The proof of the existence of weak solutions is the same for both d = 2 and d = 3 
and it is a consequence of Theorem 16.11 For the uniqueness claimed in d = 2 we invoke 
Theorem 17. II Now to the details. 
Let 7 < be such that 

'5 + 27, if d = 2 
| + 2 7 , if d = 3. 



A,a,/; 7> T = e n I II^IIl 4 ([0,T];Z4) > A}, 



< a < 

Given A > 0, define the set 
(8.1) E\ := E 

when d = 2. For d = 3, set 

and define 
(8.2) 



+ \\t^ 



f\\L*([0,T\;L*) 



G 17 / T , > A}. 



Then if we apply Proposition 13.21 we find that in either case (d = 2 or d = 3) there exist 
Ci,C 2 > such that 

-cj x ^ 



(8.3) 



P{E X ) < Ci exp 



Pr[|/[|H-a 



Now, let Aj = 2 J , j > and define Ej = E\.. Note that E j+1 C Then if we let 



E := UP? C we have that 



1 > P(E) = 1 - lim P(^) > 1 - lim exp 



j->oo 



J-5-00 



2 j 



CtUWh- 



1. 



Our goal is now to show that for a fixed divergence free vector field / G (H a (T )) and 
for any uj G E, if we define g = u% the initial value problem (I4.ll ) has a global weak 



L4([ ,T];L4) < Aj 



/ 

solution. In fact given oj G E, there exists j such that w G E c -. In particular we then have 
(8.4) 
when d = 2 and 

(8.5) ||i 7 (-A)35lb ([ o,T];L6 } + \\t\-k)\g\\ % | + ||^|| L 8 ([ o,T];Lg) < A, 

when ci = 3. 

Lemma 13.11 together with (|8.4|) and (|8.5|) imply that the assumptions on 5 in Theorem 
15.11 Theorem l6.1l and Theorem [7J] are satisfied. This concludes the proof. 
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